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Abstract

Informative hypotheses are increasingly being used in psychologi-
cal sciences because they adequately capture researchers’ theories and
expectations. In the Bayesian framework, the evaluation of informa-
tive hypotheses often makes use of default Bayes factors such as the
fractional Bayes factor. This paper approximates and adjusts the frac-
tional Bayes factor such that it can be used to evaluate informative
hypotheses in general statistical models. In the fractional Bayes fac-
tor a fraction parameter must be specified which controls the amount
of information in the data used for specifying an implicit prior. The
remaining fraction is used for testing the informative hypotheses. We
discuss different choices of this parameter and present a scheme for
setting this parameter. Furthermore, a software package is developed
to compute the approximated adjusted fractional Bayes factor. Using
this software package, psychological researchers can evaluate informa-
tive hypotheses by means of Bayes factors in an easy manner. Two
empirical examples are used to illustrate the procedure.

Keywords: Fractional Bayes factor, Informative hypothesis, Nor-
mal approximation, Prior sensitivity.

1 Introduction

One of the objectives of psychological studies is to test hypotheses that repre-
sent scientific expectations. The main tool that is available for this purpose is
null hypothesis significance testing where the goal is to falsify a null hypoth-
esis of “no effect”. On the other hand, psychologists may expect, for example,
that the learning ability of children is stronger than the learning ability of
adolescents which, in turn, is stronger than the learning ability of adults,
or it is expected that a patient’s psychological disease would decrease after
the first therapy, and decrease further after subsequent therapies. These
expectations cannot be formulated by the traditional null hypothesis. In-
stead, such expectations can be translated to so-called informative hypothe-
ses which assume a specific structure of the model parameters (Hoijtink,
2012). An informative hypothesis consists of equality and/or inequality con-
straints among the parameters of interest in a statistical model. For example,
three equal parameters can be represented by an equality constrained hy-
pothesis Hy : 81 = 05 = 03, and three ordered parameters can be represented
by an inequality constrained hypothesis Hs : 07 < 02 < 03. Thus class of in-
formative hypotheses covers a much broader range of scientific expectations
than the class of standard null hypotheses. In addition, by testing competing
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informative hypotheses directly against each other a researcher obtains a di-
rect answer which scientific theory is most supported by the data. The inter-
ested reader is referred to http://informative-hypotheses.sites.uu.nl/
to the tab/publiciations/applications for an overview of psychological re-
search in which informative hypotheses were used.

Informative hypothesis testing has drawn a lot of attention both in fre-
quentist statistics (Barlow, Bartholomew, Bremner, & Brunk, 1972; Silva-
pulle & Sen, 2004) and in Bayesian statistics (Hoijtink, 2012). In the fre-
quentist framework, hypothesis testing with inequality constraints has been
studied over fifty years starting with (Bartholomew, 1959). Some recent
contributions can be found in van de Schoot, Hoijtink, and Dekovié¢ (2010),
and Klugkist, Bullens, and Postma (2012). Bayesian evaluation of informa-
tive hypotheses by means of the Bayes factor is relatively new. A decade
ago, Klugkist, Laudy, and Hoijtink (2005) started using Bayes factors to
evaluate inequality constrained hypotheses in ANOVA models. Follow-up
research appears in Klugkist and Hoijtink (2007) for Bayesian testing of in-
equality and about equality constrained hypotheses, in Mulder et al. (2009)
for Bayesian informative hypothesis testing in repeated measures models,
in Klugkist, Laudy, and Hoijtink (2010) for Bayesian evaluation of equality
and inequality constrained hypotheses in contingency tables, and in Mulder,
Hoijtink, and Klugkist (2010) for Bayesian model selection of equality and
inequality constrained hypotheses in the context of multivariate normal lin-
ear models. The developments on the use of Bayes factors for informative
hypothesis testing are summarized in Hoijtink (2012). However, these stud-
ies are limited to assess informative hypotheses in specific models and cannot
yet be applied in other models, e.g., confirmatory factor analysis or logis-
tic regression. More recently, van de Schoot, Hoijtink, Hallquist, and Boelen
(2012) enables researchers to test inequality constrained hypotheses in struc-
tural equation models, Gu, Mulder, Dekovié¢, and Hoijtink (2014) allows to
evaluate inequality constrained hypothesis in general statistical models, and
Boing-Messing, Van Assen, Hofman, Hoijtink, and Mulder (2017) enables
researchers to test informative hypotheses on group variances. Furthermore,
the usefulness of the Bayes factor for testing hypotheses in psychological
research was highlighted in various studies in a special issue on the topic
(Mulder & Wagenmakers, 2016). Although these studies enable hypothesis
testing in a large number of statistical models using the Bayes factor, the
available methods for testing hypotheses with both equality constraints and
inequalities are still limited.

The incessant debate between frequentist hypothesis testing and Bayesian
hypothesis testing (Wagenmakers, 2007) has highlighted an advantage of the



80

81

82

83

84

85

86

87

88

89

90

91

92

93

04

95

96

97

98

99

100

101

102

103

104

105

107

108

109

110

111

112

113

114

115

116

117

118

119

Bayes factor: it quantifies the relative support in the data for one hypothesis
against another (Kass & Raftery, 1995). This cannot be done using classical
p-values. Psychological researchers can quantify how much the data favor
a hypothesis relative to another hypothesis by means of the Bayes factor.
However, the popularity of the Bayes factor is limited because of two reasons:
the specification of the prior can be a difficult task, especially when prior
information is weak or completely unavailable, and the computation can be
very intensive when the statistical model is complex. To break these barriers,
Bayesian statisticians have presented several default Bayes factors based on
default priors. Default priors usually do not reflect subjective prior beliefs
and have distributional forms chosen such that the Bayes factor can easily be
computed. Examples for default Bayes factors are JZS Bayes factor (Jeffreys,
1961; Zellner & Siow, 1980; Rouder, Speckman, Sun, Morey, & Iverson,
2009), partial Bayes factors, Bayes factor based on expected posterior priors
(Pérez & Berger, 2002), intrinsic Bayes factor (Berger & Pericchi, 1996) and
fractional Bayes factor (O’Hagan, 1995). The last two Bayes factors are
closely related to the so called partial Bayes factor (de Santis & Spezzaferri,
1999).

In the partial Bayes factor the data is split into two parts: one part
is used as a training sample to update an improper noninformative prior
distribution, and the remaining part is used to compute the Bayes factor.
The training sample is proper if it renders a proper updated prior. Further-
more, the training sample is called minimal if any of its subsets is not proper
(Berger & Pericchi, 2004). Both the intrinsic Bayes factor and the fractional
Bayes factor use the concept of the partial Bayes factor method (de Santis &
Spezzaferri, 1997, 1999). The intrinsic Bayes factor is an average of the par-
tial Bayes factors based on all possible minimal training samples. Because
of the use of all possible minimal training samples, the computation of in-
trinsic Bayes factor can be intensive especially when the sample size and the
size of the minimal training sample are large. Alternatively, the fractional
Bayes factor takes a small fraction b of the likelihood of the complete data
(O’Hagan, 1995). The updated proper prior in the fractional Bayes approach
is then implicitly specified from a noninformative prior and a fraction of full
likelihood (Gilks, 1995; Moreno, 1997; de Santis & Spezzaferri, 1999; Mul-
der, 2014b). In this paper, we shall refer to updated priors following from
fractional Bayes methodology as fractional priors. The remaining fraction
of the likelihood is then used for testing the hypotheses of interest. As will
be shown in this paper, the fractional Bayes factor is computationally easy.
Recently, Fouskakis, Ntzoufras, and Draper (2015) presented power expected
posterior priors, which are similar to fractional priors in the sense that both
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of them are specified using a fraction of a likelihood function. The main
difference is that the fractional prior comes from a fraction of likelihood of
the observed data, whereas the power expected posterior prior follows from
a fraction of the likelihood of imaginary training data coming from a prior
predictive distribution.

In this paper, we focus on the fractional Bayes factor as it stands out for
its convenience of evaluating informative hypotheses (Mulder, 2014b). Re-
cently, Mulder (2014b) proposed an adjustment of the fractional Bayes factor
where the fractional prior was shifted around the null value. This approach
resulted in an adjusted fractional Bayes factor that converges faster to a
true inequality constrained hypothesis. However, the current applications of
(adjusted) fractional Bayes factors in informative hypothesis testing are still
within the class of multivariate normal linear models.

This paper proposes an approximation of a fractional Bayes factor to
extend its applicability for testing informative hypotheses for more general
models. These models can be generalized linear (mixed) models (McCullogh
& Searle, 2001) such as logistic regression models and multilevel models,
and structural equation models (Kline, 2011) such as path models, confir-
matory factor analysis models and latent class models. Due to large sample
theory (Gelman, Carlin, Stern, & Rubin, 2004, p.101-107), the posterior
distribution of the parameters in each model can be approximated by a
(multivariate) normal distribution. This paper also approximates the im-
plicit fractional prior with a (multivariate) normal distribution as a gen-
eral methodology to ensure a fast computation of the (adjusted) fractional
Bayesian factor. Based on these approximations we can approximate a frac-
tional Bayes factor to evaluate informative hypotheses in general statistical
models. In addition, we discuss different choices of the fraction (O’Hagan,
1995; Gu, Mulder, & Hoijtink, 2016), which is a tuning parameter in the
fractional prior, and provide a guideline for choosing this fraction. Further-
more, an important issue in Bayesian hypothesis testing is the consistency
of the Bayesian procedure. Previous studies have discussed the consistency
of intrinsic Bayes factor (Casella, Giron, & Moreno, 2009), fractional Bayes
factor (O’Hagan, 1997; de Santis & Spezzaferri, 2001), and posterior model
probabilities (Moreno, Giron, & Casella, 2015). In this paper, the consis-
tency of the approximate adjusted fractional Bayes factor will be elaborated
and illustrated.

This paper is organized as follows. Section 2 introduces the informative
hypothesis in general statistical models, and illustrates how the informative
hypothesis is constructed based on researchers’ expectation by means of two
empirical examples. Thereafter, Section 3 elaborates the specification of
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the adjusted fractional prior and the posterior distribution using normal
approximations. Based on the specified prior and posterior distributions,
the approximated adjusted fractional Bayes factor is derived and a software
package is presented for the evaluation of informative hypotheses in general
statistical models. In Section 4 we discuss different choices of the fraction,
and conduct a sensitivity study for the fractional Bayes factors with those
choices. Subsequently, Section 5 revisits the two empirical examples to show
how to evaluate informative hypotheses using the proposed fractional Bayes
factors. This paper ends with a short conclusion.

2 Informative hypotheses in general statistical mod-
els

A statistical model is described by the likelihood function f(X|6,¢), where
X denotes the data, 0 contains the parameters that are used to specify
informative hypotheses, and ¢ contains the nuisance parameters. Informa-
tive hypotheses are constructed using equality and/or inequality constraints
based on the theories or expectations of researchers. The general form of the
informative hypothesis is given by

(1)

where R;, and R;, are the restriction matrices for equality and inequality
constraints in Hj;, respectively, and 7;, and 7;, contain constants. Note that
the number of rows in R;, equals the number of equality constraints, the
number of rows in R;, equals the number of inequality constraints, and the
numbers of columns in R;, and R;, equal the length of 8. For example,
hypothesis Hy : 87 = 2609 = 303 > 46,4 < 5 corresponds to

Hi : RZ'OO = riO,Rz-IO > Ty,

01
1 =2 0 o0]|6]| [O]_
Rib =g o 30|60 —{0_—1"10,
04
-
[0 0 3 —47] 6 0]
R0 = 10 0 0 —4} 05 >[_5_—r11.
| 04

Note that a range constraint, in which the parameters of interest are con-
strained between two values, can be written as two inequality constraints.
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For example, hypothesis Hy : 0 < § < 1 can be expressed by Hy : R, 0 > 12,
where Ry, = (1,—1)T and 73, = (0, —1)T. This hypothesis can be seen as
a hypothesis where it is expected that 0 is approximately equal to 0.5 with
maximal deviation of 0.5, i.e., § = 0.5 < |0 — 0.5| < 0.5, where the maximal
deviation of 0.5 should be specified subjectively by the user.
An informative hypothesis H; can be tested against the unconstrained
hypothesis
H, : 6 is unconstrained, (2)

against its complement

H;,_ :not H;, (3)

which expresses what a researchers does not expect, or against another in-
formative hypothesis

HZ./ : Rilg = ri/,RZ./é) >T. (4)
0 0 1 1

It should be noted that when an informative hypothesis H; contains at least
one equality constraint, the complement of H; is the same as the uncon-
strained hypothesis H,,.

Before evaluating the informative hypotheses, the parameters of interest
may need to be standardized in some situations. The need of standard-
ization depends on the statistical model and informative hypothesis under
evaluation. On the one hand, the parameters have to be standardized when
comparing, e.g., coefficients in regression models and factor loadings in con-
firmatory factor analysis. For example, testing whether the regression coeffi-
cient 07 is larger than 0, requires the standardization of #; and 65, because a
large coefficient can also result from a large scale of the corresponding predic-
tor. On the other hand, it may not be necessary to standard the parameters
0 if they are compared to constants, and it is undesirable to standardize the
parameters @ if they represent the means. For instance, testing whether a
regression coefficient is larger than 0 or testing whether the mean of group
1 is smaller than the mean of group 2 does not require standardization.
If standardization is required, Gu et al. (2014) discussed two ways to do
this: (1) standardize all observed and latent variables, or (2) use standard-
ized parameters. In the situation considered by Gu et al. (2014), there was
little difference between the performances of the two methods. Therefore,
researchers can use either of them if necessary.

In what follows, we will use two empirical examples to illustrate how
researchers’ expectations can be expressed by informative hypotheses.
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Table 1: Data descriptive for variables in regression model
Yi T14 Z2; T3
mean 965.92 5.91 35.24 16.86
standard deviation 74.82 1.36 26.76 2.27

2.1 Example 1 : multiple regression

The first example concerns a multiple regression model used in Guber (1999)
to investigate the relation between the educational costs of the school and
the academic performance of the students. The data were collected in
50 U.S. states (available at www.amstat.org/publications/jse/secure/
v7n2/datasets.guber.cfm). The performance of the students is measured
by the average total SAT score y; ranging from 400 to 1600. Its predictors
are the average public school expenditure xq;, the percentage of students
taking the SAT exams x9;, and the average pupil/teacher ratio z3;. The de-
scriptives of the dependent variable y; and independent variables x1;, z9; and
x3; are shown in Table 1. The relationship between the student performance
and its predictors is given in a regression model.

Y; = Op + 0121 + O222; + O323; + €, (5)

where 6y is the intercept, 61, 02 and 03 are the regression coefficients, and
€ ~ N(0,02) denotes the residuals with o2 being their residual variance.
For this regression model, the likelihood is

n

F(x10,0) =11 (27“712)1/2 exp {—ﬁ(% — 0y — 12y — Oawy — O313)°},
(6)

where n = 50 denotes the sample size, and 8 = (01, 62,63)" and ¢ = (A, o2).

Guber (1999) theorized that higher education expenditures results in
better performance of the students in SAT exams, which implies that the co-
efficient 1 of the predictor x1; is positive. In addition, in those states with a
small percentage of the students taking SATs, the students are expected to
do well because they have self-selected themselves into the SAT exam which
is only required by universities with a high prestige. This implies that the
coefficient 0o of the predictor xo; is negative. Furthermore, although a lower
pupil /teacher ratio would be associated with better performance, a school
needs to spend more money on education and therefore this predictor over-
laps with the expenditures. This suggests that the coefficient 03 of predictor
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x3; is zero. Consequently, we specify the informative hypothesis:

H1:91>0,92<0,93:0 (7)
1 0 0
0 -1 0
ry, = (0,0)7 in Hy : R1,0 = r1,, R1,0 > r1,. Hypothesis H; can be tested
against its complement

Wlth Rlo = (0,0,1), R11 = |: :|, 0 = (01,92,93)T, 7"10 = O, and

ng : not Hl. (8)

2.2 Example 2: repeated measures ANOVA

We reanalyze the example of the repeated measures ANOVA used in Howell
(2012, p.462) based on an experiment with relaxation therapy. The experi-
ment investigated the duration of nine patients’s migraine headaches before
and after relaxation training. The duration of headaches is measured by the
number of hours per week. Our example uses the data for the last two weeks
of the baseline where patients received no training and the last two weeks
of training. Therefore, the data shown in Table 2 consists of four dependent
variables, i.e., the number of hours with a headache per week for nine pa-
tients in four weeks. The random effects model for these dependent variables
is (Hox, 2010, p.83):

Yij = 1+ mi + 75 + €, 9)
where y;; for i = 1,...,9 and j = 1,...,4 denotes the four dependent vari-
ables, i denotes the grand mean, 7; ~ N (O,o,%) denotes the random dif-
ference for person ¢ which is constant for different j, 7; denotes the fixed
measurement difference for week j which is constant for different i, and
e ~ N(0, 02) is the measurement error with respect to person i and week
j. To investigate the effect of relaxation training, we specify the individual
differences with a random effect and the treatment differences with a fixed
effect. Thus, the mean for each measurement is

Qj:/i—i-Tj (10)

and 2?217']' = 0.

The researchers expected a reduction of the duration of headaches after
relaxation training. Furthermore, it is reasonable to expect that the mean
durations are equal in the first two weeks of baseline and in the last two
weeks of training to ensure that other factors do not influence the duration of
headaches. These expectations can be expressed by the following informative
hypothesis:

H2:01:92>03:94 (11)
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Table 2: Data in repeated measures ANOVA
Baseline Training

Subject week 1 week 2 week 3 week 4

1 21 22 6 6
2 20 19 s 4
3 17 15 4 5
4 25 30 12 17
5 30 27 8 6
6 19 27 7 4
7 2 16 2 5
8 17 18 1 5
9 2 24 8 9
with Ry, — [(1) 01 (1) _01], Ry, = [0,1,—1,0], 6 = (61,69, 05, 00)7, 1o, =

(0,007, and ry, = 0 in Hy : Ry, 0 = 7r9,, Ry,0 > 13,. We compare this
hypothesis to another informative hypothesis representing that the mean
number of headache hours continually declines in the four weeks:

H2/ 201 > 0y > 03 > 0y, (12)
which only contains inequality constraints R, 6 > 7, with 7, = (0,0, 0"
1 1 1
and
1 -1 0 0
R,=]10 1 -1 0

2
' 0 0 1 -1
The informative hypotheses constructed in these examples can be evalu-
ated using Bayes factors, which will be elaborated in the next section. We
will revisit these examples in Section 5 to display the results of the evaluation
of these informative hypotheses.

3 Approximated adjusted fractional Bayes factors

The Bayes factor is the corner-stone of Bayesian hypothesis testing. It quan-
tifies the relative evidence in the data for one hypothesis against another.
The Bayes factor of an informative hypothesis H; against another informa-
tive hypothesis H_ is defined by their marginal likelihood ratio (Jeffreys,

10
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1961; Kass & Raftery, 1995):

BF, = MXIH)

W (X |H,) (13)

In Bayesian hypothesis testing, the Bayes factor has a direct interpretation
as the relative evidence from the data for one hypothesis against another. If
BF,; > 1 (BF,; < 1), this implies that hypothesis H; (H,) receives more
support from the data. Specifically, if BF,, =5, then the support for H; is
5 times larger than for H;. For researchers who are new to Bayes factors
we recommend using the guidelines for the interpretation of Bayes factors as
provided by Kass and Raftery (1995). The degree of evidence in favor of H;
can be classified as unconvincing for 1 < BF,» < 3, positive for BF,,» > 3,
strong for BF,; > 20, and very strong for BF,, > 150. However, these
rules for interpreting Bayes factors are not strict and can differ in different
contexts.

The informative hypothesis H; is nested in the unconstrained hypothesis
H,, which does not contain any constraints on 8. When comparing H; to H,,
we can use the encompassing prior approach of Klugkist et al. (2005) where
a prior is constructed under H; via a truncation of the unconstrained (or
encompassing) prior 7, (60, ¢) under H,. The prior under H; is then given
by m(0,¢) = ¢; 'm.(0,¢)1e,(8), where ¢; = [oco, ™u(0,¢)dOd( is a nor-
malizing constraint, and ®; = {0|R;,0 = r;,, R;;0 > r;, } is the parameter
space of @ in agreement with the informative hypothesis H;. Consequently,
the Bayes factor for the informative hypothesis against the unconstrained
hypothesis can be expressed as:

[oco, mi(6.€) f(X|6,¢)add
[ m(0,¢) f(X16,¢)dod¢

_ 7Tu 0 C (XIG,C) !
= //ee@ a6 017 (X0 Opasac 0%

= ¢ //969 (0, ¢| X)dOdC

_ JJoco, ™u(6,¢IX)ddC )
ffeeei mu(0,¢)d0d¢

where m,(0,¢|X) is the posterior distribution of 8 and ¢ under H,. For
example for hypothesis H; : 61 > 0,0, < 0,03 = 0 in (7) with equality and
inequality constraints, where we denote @ = (01, 602,63)" and ¢ = (fg, 0%)7,

11
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the Bayes factor of H; against the unconstrained alternative in (14) comes
down to

ff91>0,92>o 7u((61,02,0)T, ¢| X)dOdC
ff91>0,92>o mu((61,62,0)T,¢)dOd¢
f91>o,92>o u (01, 62]03 = 0, X)m, (63 = 0| X )dO
J9,50,0,50 Tu(01, 02|03 = 0)7, (05 = 0)dO
Pr(6, > 0,602 > 0]03 =0, X) 7,(03 = 0|X)

= . 1
Pr(6, > 0,00 > 0[5 = 0) (05 = 0) (15)

By, =

Further note that for a hypothesis with only equality constraints, e.g., Hy :
01 = 63 = 03 = 0, expression (14) is equal to the well-known Savage-Dickey
density ratio (Dickey, 1971; Wetzels, Grasman, & Wagenmakers, 2010), i.e.,

(6 = 0] X)

BFy, =
0 (6 = 0)

(16)
Finally, for a hypothesis with only inequality constraints, say, Ho : 61 >
0y > 03 > 0, expression (14) is equal to the ratio of posterior and prior
probabilities that the inequality constraints hold under H,, i.e.,

P(91 >0y > 03 >0|X)
P(@l >92>93>0)

BFy, = (17)

Thus, in order to compute the Bayes factor the unconstrained prior and
corresponding unconstrained posterior need to be determined, and subse-
quently the unconstrained prior and posterior need to be integrated over
the constrained region under the informative hypothesis. In this section we
propose a novel and general approach by using normal distributions to ap-
proximate the unconstrained posterior and the unconstrained fractional prior
to compute default Bayes factors.

3.1 Fractional prior and posterior

To avoid ad hoc or subjective specification of the unconstrained prior, we
consider the approach of O’Hagan (1995) which is referred to as the fractional
Bayes factor. A proper default prior is automatically generated by updating
a noninformative improper prior 7 (6, ¢) using a fraction b of the likeli-
hood (Gilks, 1995). In the fractional Bayes factor the marginal likelihood of

12
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hypothesis H,, is defined by
mN(X[H,) _ Jf 7 (0.0 F(X]0,¢)d0d¢
mN (X \H,) [ m(6,0)N f(X]6,¢)bd0d¢

B (0.0 F(X0,0)"
- //f X160 6 N (X6, ¢ rapac 109

my (X|Hy) =

=[] 1x16.0) ma(6.clx "o, (18)
where the proper default prior is defined by

(8,0 f(X16,¢)°
JJ (6, Q)N £(X16,¢)PdodC

We shall refer to (19) as the fractional prior. Note that the marginal likeli-
hood in the fractional Bayes factor in (18) is closely related to the marginal
likelihood in the partial Bayes factor where a proper default prior obtained
by training a noninformative prior with a small subset of the data, called a
training sample, X(¢), while the remaining part of the data, say, X(—¢), is
used for computing the marginal likelihood. The marginal likelihood in the
fractional Bayes factor also abides this idea, but then by taking a fraction b
of the data, denoted by X?, to train a noninformative prior and then use the
remaining fraction of the data, X'~°, for computing the marginal likelihood
n (18). The advantage of the fractional Bayes factor is that it does not
depend on the exact choice of the subset of the data because a fraction of
the complete data is used (de Santis & Spezzaferri, 1999; O’Hagan, 1995).

Following similar steps as in (14) and integrating the nuisance parameters
out, the fractional Bayes factor of an informative hypothesis against the
unconstrained hypothesis is given by (Mulder, 2014b),

fee@i (0] X)d0
Joco, Tu(01X")dO

(0, ¢|1X°) =

(19)

FBF,, = (20)

3.2 Normal approximations of the fractional prior and pos-
terior distributions

Due to large sample theory (e.g., Gelman et al., 2004, p. 101), the marginal
posterior in the numerator of (20) can be approximated using a normal
distribution where the mean is equal to the maximum likelihood estimate
and the covariance matrix is equal to the inverse of the Fisher information
matrix, i.e.,

(8] X) = N(8,%y), (21)
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where 6 and 3y denote the maximum likelihood estimate and covariance
matrix of @, respectively. Note that 0 and 2y can be obtained using statis-
tical software, such as, Mplus (Muthén & Muthén, 2010) or the R-package
lavaan (Rosseel, 2012). This will be further elaborated when we come back
to the empirical examples in Section 5.

The fractional prior in the denominator of (20) is also centered around
the maximum likelihood estimate. However, it is based on a fraction b of the
data which implies an approximated covariance matrix of 3 /b. Consider,
for example, a normally distributed data set z; ~ N(6, ¢?) with known o?.
The posterior of 6 is given by 7, (0| X) = N (6, 63) where 0 equals the sample
mean T and 63 = ¢2/n. In this setting the fractional prior of § would
be m,(0|X?) = N(é,&e/b) = N(Z,0%/nb). For this reason we propose to
approximate the fractional prior according to

(0] X7) ~ N (0,29 /b). (22)

3.3 Adjusting the prior mean

It has been suggested to center the prior distribution of 8 around the focal
point of interest (e.g., Zellner and Siow (1980) and Jeffreys (1961, p.268-
274) for null hypothesis testing, and Mulder (2014b) for testing informative
hypothesis). Suppose, for example, we evaluate Hy : 8 < 0 against its
complement Hs : 6§ > 0. By constructing the priors for 8 under H; and Hs
as a truncation of an unconstrained prior that is centered around the focal
point 0, the prior distribution for # under both hypotheses are essentially
equivalent; the only difference is the sign. Furthermore, by centering the
prior at 0 it is assumed that small effects are more likely a priori than large
effects, which is often the case in practice. A more detailed discussion on
centering prior means can be found in Mulder (2014b). In this paper, we
adjust the prior in (22) as follows:

m,(01X") = N(6,%/0), (23)

where the adjusted prior mean is given by 8* € ®; = {0|R;,0 = r;,, R;,0 =
ri, }. For each informative hypothesis, one can define a parameter space @}
which contains one or more 6*. For example, Hy : 61 > 205 > 4 results in
9* = (4, 2)T, and HQ : 91 = 92 results in 9* S @;k = {91,92‘01 = 92} n
which 6] = 65 can be any value. It should be noted that the prior mean for
parameters in a range constrained hypothesis is suggested being centered in
the middle of the range space (Mulder, Hoijtink, & de Leeuw, 2012), because
a range constraint basically implies an approximate equality, which, in terms
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of a restriction for the prior mean becomes an equality. For example, the
range constraint —0.2 < 6 < 0.2 corresponds with the approximate equality
0 ~ 0 with maximal deviation of 0.2. Thus, the focal point is 0, and therefore
we set the prior mean to 8* = 0. Below we will deal with the choice of 6*.

The prior distribution proposed in (23) depends on the informative hy-
pothesis under evaluation, because the prior mean 6 is located on the bound-
ary of the constrained region of the informative hypothesis. When two or
more informative hypotheses are under comparison, the intersection of their
constrained regions must be nonempty so that a common unconstrained
prior mean 0* exists to evaluate all informative hypotheses against the un-
constrained hypothesis. A set of informative hypotheses H; for i =1,...,1
are comparable if there exists at least one solution of @ to the set of equations
(Mulder et al., 2010):

L A AL Y
o= | "o | | Eblg_|Th | 24
|:R11 1, Rh TnL ( )

The solution of @ for these equations defines the parameter space @*. Ex-
amples for comparable hypotheses are H; : § = 0 versus Hy : 8 > 0 and
Hs: 01 > 0y > 03 versus Hy : 63 > 05 > 01. Hypotheses Hg : 01 = 65 versus
Hg : 01 > 65+ 1 are not comparable because there is no solution of 61 and 65
for equations #; = 0, and 1 = 02+ 1. It should be noted that the hypothesis
H;:60; >0,00 > 0,00 > 60y — 1 cannot be properly evaluated yet because a
solution does not exist for equations #; = 0, 6 = 0, and Ay = 67 — 1.

Adjusting the prior mean from 6 to 0" results in a slight change of the pos-
terior for 8. In particular, the posterior mean of 6 would be slightly shifted
towards the prior mean 8*. Large sample theory however dictates that the
prior has a negligible effect on the posterior for large samples. Therefore, we
leave the approximated posterior for 8, given by N (é, ﬁ]g), unaltered. Note
that a similar argument is used in the BIC approximation of the Bayes factor
(Schwarz, 1978; Kass & Raftery, 1995).

Based on the adjusted fractional prior distribution (23) and the pos-
terior distribution (21), the approximated adjusted fractional Bayes factor
(AAFBF) for an informative hypothesis versus the unconstrained hypothesis
can be defined as:

AAFBF,, = Joco, mu(01X)10 :
(0| X")do

(25)

f@e@),-
where the parameter space ®; = {0|R;,0 = r;,, R;;0 > r;,} is in agreement
with the informative hypothesis H;. The computation of the AAFBF will
be elaborated in Section 3.4.
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3.4 Bayes factor computation

This section presents the computation of the AAFBF. First of all, we need
to determine the adjusted prior mean 6 in (23). Finding the parameter
space ®; can be difficult for complicated informative hypotheses (Mulder
et al., 2012). However, if we transform the parameters of interest using
By = R;j,0 — r;, and B; = R; 60 — r;,, then the informative hypothesis
under consideration becomes H; : By = 0,8; > 0 such that we can simply
specify the prior mean vector equal to zero for the new parameter vector
B = (8Y,BT)T. Note that the range constrained hypothesis, e.g., H; : 0 <
f < 1, is an exception because as elaborated earlier the prior mean for 6 is
centered as 0* = 0.5 which requires 7] = 6* = 0.5 and 8}, =1 — 0" = 0.5.
The specification of the prior mean for range constraints is elaborated in
Appendix A. This parameter transformation was also used in Mulder (2016)
for hypotheses with only inequality constraints on correlations. Here we
generalize it to equality and inequality constraints on parameters in general
statistical models. The parameter transformation of 6 to 3 simplifies the
form of the hypothesis without changing the expectation of researchers. For
instance, testing whether two parameters are equal 6; = 65 is identical to
testing whether their difference is 0, i.e., By = 61 — 65 = 0. Consequently,
the adjusted fractional prior distribution and posterior distribution for the
new parameter 3 are given by:

T, (B1X") = N(0,35/b) (26)

and

respectively, where 3 = RO — r and 25 = RYyR” with R = (RE RZ)T

70 ?
and v = (rl,rI)T. Specifically, B = (,[:}g,filT)T where 8, = R;,0 — 4,
g o1

and ,6'1 = Rilé—ril, and 23 = [ S 5
1

} where 250 =R, 29Rz; and

35 = R 3oR!.

This parameter transformation from 6 to 8 simplifies the computation
of the AAFBF. First, the AAFBF for an informative hypothesis with only
equality constraints, i.e., H; : By = 0, compared to the unconstrained hy-
pothesis can be obtained using the Savage-Dickey density ratio (Dickey, 1971;
Wagenmakers, Lodewyckx, Kuriyal, & Grasman, 2010; Mulder, 2014b):

mu(By = 0 X)

AAFBF), = 2020 — 2
Ti:(Bo = 01.X7)

(28)
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where 7 (8, = 0/X°) and 7,(8, = 0|X) are the densities of the prior
(26) and posterior (27), respectively, for 3, at the point B; = 0 under
H,. Second, the AAFBF for an informative hypothesis with only inequality
constraints, i.e., H; : 8, > 0, compared to the unconstrained hypothesis is

given by (Hoijtink, 2012; Mulder, 2014b):

f,@1>0 (B4 X )dB4

AAFBF}, = —,
f51>0 (81| X7)dB4

(29)

where m%(3,/X°) and 7,(8;|X) are the prior (26) and posterior (27), re-
spectively, for 3;. Finally, the AAFBF for an informative hypothesis with
both equality and inequality constraints, i.e., H; : By = 0,3, > 0, compared
to the unconstrained hypothesis can be obtained via:

mu(By = 0|X) fﬁ1>0 mu(B1|Bp = 0, X)dB,

AAFBFZU = b b I
Ti(Bo = 01X7) [ o0 mi(B1lBy =0, X7)dp,

(30)

where 7¥(8,|8y = 0, X?%) and 7,(31|8, = 0, X) are the prior and poste-
rior distributions of 3, given Bp = 0, respectively. Note that 7 (8|8, =
~ ~ A—1 A ~

0,X% = N(0,(2p5, — 31025, X01)/b) and m,(B4]8y = 0,X) = N(B; —
~ A —1 A ~ ~ A —1.~
310X5, Bo, g, — X10Xg, Xo1)-

We let ¢] = m;(8y = 0|X") and ¢} = [5 _o7i(81/1X")dB,, which can
be interpreted as the relative complexities of equality constrained hypothesis

and inequality constrained hypothesis, respectively, compared to H, under
prior (26). Then, in general

=By =01X") - [ (8118, = 0.X")a, (31)

represents the relative complexity of informative hypothesis H; (Hoijtink,
2012; Mulder, 2014a), which is a relative measure of the size of the parameter
space under an informative hypothesis in comparison to the unconstrained
parameter space. For example, the relative complexity of "6; > 65, and 03
unconstrained" is larger than the relative complexity of "6; > 6o > 03". This
can be understood from the fact that the parameter space of the latter is a
subset of the parameter space of the first. Similarly, the relative complexity
of "01 = 0, A unconstrained" is larger than the relative complexity of "¢ =
0,02 = 0". It is interesting to note that the relative complexity ¢ of an
equality constrained hypothesis H; : 3 = 0 becomes smaller when the prior
variance of 3 under H, becomes larger. The reason is that a larger variance
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of the unconstrained prior implies that a larger region of the unconstrained
parameter space is likely a priori, which means that H; is simpler relative
to the unconstrained hypothesis. Furthermore, we let f) = m,(8, = 0|X)
and fl = f,B -0 Tu(B1|X)dB;, which can be interpreted as the measures of
relative fit of the equality constrained hypothesis and inequality constrained
hypothesis, respectively, compared to H,. Then,

fi=mlBo=01X)- [ (818 = 0.X)d8, (32
B1>0

expresses the relative fit of H; (Hoijtink, 2012; Mulder, 2014a), which im-
plies how well a hypothesis is supported by the data compared to the uncon-
strained hypothesis. The relative complexity and fit in the AAFBF can be
estimated based on a similar procedure presented in Gu et al. (2014) which
only considers inequality constraints. We generalize the method to hypothe-
ses with inequality as well as equality constraints to cover a considerably
large spectrum of informative hypotheses that can be tested.

The computation of the AAFBF is implemented in the software package
BaIn (Bayesian evaluation of informative hypotheses) available at http://
informative-hypotheses.sites.uu.nl/software/. A user manual for Baln
is given in Appendix B. The input of BaIn needs the maximum likelihood
estimate and covariance matrix of the parameters of interest, which can be
obtained using other software packages such as Mplus (Muthén & Muthén,
2010) or the free R-package lavaan (Rosseel, 2012). Executing BaIn renders
the AAFBF for each informative hypothesis H; under evaluation.

The Bayes factor of an informative hypothesis H; against its complement
Hz’ is

AAFBF;, =11/ (33)
C; 1-— C;
if H; does not contain equality constraints. Otherwise AAF BF;;, = AAFBF;,
because the marginal likelihood of the complement of a hypothesis which
contains equality constraints is equal to the marginal likelihood of the un-
constrained hypothesis. For the comparison of two informative hypotheses
H; and H,, the AAFBF for H; against H can be obtained by

AAFBF,; = AAFBF,,/AAFBF, . (34)

Running BaIn for H; and H, renders AAFBF;, and AAFBF,  such that
AAFBF,; can be computed using (34).
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4 Choices for b

This section discusses the choices of the fraction b for the specification of
fractional priors. We first show the influence of the choices of b on the
AAFBF when evaluating informative hypotheses because, as with the origi-
nal fractional Bayes factor (Conligliani & O’Hagan, 2000), the choice of the
fraction b also plays a crucial in the AAFBF. Thereafter, two traditional
choices and one novel choice of b are presented. At the end of this section, a
sensitivity study is conducted to investigate the approximation error of the
AAFBF relative to the actual adjusted fractional Bayes factor. It should be
noted that this paper uses one common fraction b of the likelihood for prior
specification. For this reason the AAFBF should only be used for testing
hypotheses based on data that come from one population or balanced data
with equal group sizes in the case of multiple populations, similar as the
fractional Bayes factor (de Santis & Spezzaferri, 2001).

4.1 The role of b in AAFBF

The influence of fraction b on the AAFBF is different for the evaluation
of equality constraints R; 0 = r;, and for the evaluation of inequality con-
straints R;, 0 > r;,. First of all, the fraction b is a very influential parameter
when evaluating equality constraints R; 0 = r;,. The underlying reason is
that a small (large) b implies a prior with large (small) variance such that the
prior density evaluated at R;,0 = r;, or 3; = 0 in (28) is small (large). This
can be illustrated in Figure 1 in which the solid line represents the density
of prior distribution 7} (0|2®) = N(0,03/b) with o2 = 0.02 under b = 0.05
(a) and b = 0.2 (b). As can be seen, when testing hypothesis H; : § = 0
vs H,, the prior density at § = 0 is 0.63 under b = 0.05 in Figure 1 (a),
which is two times smaller than 1.26 under b = 0.2 in Figure 1 (b). Given an
estimate of § = 0.2 the resulting AAFBF for H; against H,, under b = 0.05 is
AAF BFy, = 1.64, whereas the AAFBF under b = 0.2 is AAFBFy, = 0.82
according to equation (28).

Secondly, for range constrained hypotheses the effect of b is similar as
for an equality constrained hypothesis, i.e., a small (large) b implies a large
(small) AAFBF for the range constrained hypothesis against the uncon-
strained hypothesis. For example, the area with the shaded lines in Figure 1
represents the prior probability in line with the range constrained hypothesis
Hy : —0.5 < 0 < 0.5 which implies that the absolute effect is expected to be
smaller than 0.5. For a small b = 0.05 the prior probability of —0.5 < 8 < 0.5
shown in Figure 1 (a) is 0.57, whereas for a large b = 0.2 the prior probability
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Figure 1: Relative complexities under different b
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in Figure 1 (b) is 0.89. Based on 6 = 0.2 and equation (29) the AAFBF for
H, against H,, under b = 0.05 is AAF BFy, = 1.72, which is different from
AAFBFy, = 1.11 under b = 0.2.

Thirdly, the AAFBF is independent of the choice of b for inequality con-
strained hypotheses which do not contain range constraints. This property
was proven in Mulder (2014b) and can also be seen in Figure 1 where the
prior probability that the constraint of Hs : & > 0 holds under H, is equal
to 0.5 for both choices of b.

The influence of b on AAFBEF is illustrated in Figure 2 when compar-
ing the equality constrained hypothesis H; : € = 0, the range constrained
hypothesis Hy : —0.5 < 6 < 0.5, and the inequality constrained hypothesis
Hj3 : 0 > 0, to the unconstrained hypothesis H,. Given the estimate 6 =0.2
and variance &g = 0.02 for 6, Figure 2 shows the AAFBF for each infor-
mative hypothesis under various b € (0,0.5]. As can be seen, the AAFBF
for H; decreases as b increases, the AAFBF for Hs behaves similarly as for
Hy, and the AAFBF for Hj is stable as b changes. This illustrates that the
fraction b has to be carefully specified when equality constrained hypotheses
and range constrained hypotheses are of interest by the researcher, while any
fraction b can be used when only inequality constrained hypotheses without
range constraints are formulated by the user. In what follows we will specify
b in three different ways.

4.2 Traditional choices for b

Previous studies have recommended two choices for b for the fractional Bayes
factor. The first one comes from Berger and Pericchi (1996) and O’Hagan
(1995) who suggested using the minimal training sample for prior specifica-
tion to leave maximal information in the data for hypothesis testing. This
corresponds to b = m/n in the fractional prior, where m is the size of the min-
imal training sample that makes all parameters identifiable. For example, for
the one sample t test of Hy : § = 0 where data is x; ~ N (6, 0?), the actual ad-
justed fractional prior distribution for 6 is 7 (6|x®) = ¢(0, s /(nb—1),nb—1),
i.e., a Student ¢ density with mean 0, scale parameter s?/(nb—1), and degree
of freedom nb — 1. In this case, the minimal m is 2 because m = 1 results in
b= 1/n and a degree of freedom 0, which is not allowed.

For the AAFBF we propose a similar approach to determine our first
choice of b. To estimate B (with length J) we need at least J+1 observations.
Therefore, our first choice of the fraction equals

bmin = (J +1)/n, (35)
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Figure 2: Influence of b on AAFBF

where J is the number of independent constraints in all the informative hy-

potheses under investigation, i.e., J equals the rank of R = (R{O, Ri, ey Rﬂ, R}; I

for a set of informative hypotheses H; for i = 1,...,1. Thus, if H3: 01 =0
and Hy : 81 > 0,62 > 0 are under evaluation, for example, J = 2 when
computing the AAFBF for each informative hypothesis against the uncon-
strained hypothesis because there are two independent constraints.

For the multiple regression model (5) in Section 2, J = 3 because Hj :
0, > 0,02 < 0,03 = 0 can be formulated using a vector 3 of length 3. With
the sample size of n = 50, the first choice of the fraction b can be set as
bmin, = 2/25. For the repeated measures model (10), J = 3 based on a
vector B of length 3 in Hy : 01 =0y > 03 = 04 and Hy : 01 > 02 > 03 > 0y,
and therefore by,;, = 1/9 based on sample size n = 36.

The second way of choosing b is (O’Hagan, 1995):

brobust = maX{(J + 1)/”? 1/\/ﬁ}a (36)

which is in general larger than the first choice. O’Hagan (1995) stated that
a larger b can reduce the sensitivity of the fractional Bayes factor to the
distributional form of the prior. Conligliani and O’Hagan (2000) further
derived a measure of the sensitivity of the fractional Bayes factor and proved
that this measure is a decreasing function of the fraction b. The second
choice of b can also be applied to the AAFBF defined in (25). When setting a
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larger fraction b, the AAFBF becomes more similar to the non-approximated
adjusted fractional Bayes factor. Thus, the AAFBF is less sensitive to the
prior distribution given larger b. We will elaborate more on this topic in
Section 4.4. Given the sample size of n = 50 in the regression model in
Section 2, byopust = 1/ V/50 is specified to evaluate hypothesis H;. In the
case of the repeated measures model with sample size n = 36, one can set
brobust = 1/6 for the comparison of Hy and H, .

4.3 A frequentist choice for b

Gu et al. (2016) recently proposes another method of specifying b by tak-
ing into account the frequentist error probabilities. In Bayesian hypothesis
testing, the probability of a Bayes factor favouring H, when H; is true is

p1 = P(BF,y, < 1|H;) (37)

which corresponds to the Type I error probability if H; would be a traditional
null hypothesis, and the probability of a Bayes factor favouring H; when H,,
is true is

p2 = P(BFy, > 1|H,). (38)

which then corresponds to the Type II error probability. Gu et al. (2016)
found that these probabilities are often quite different when using traditional
choices of b in the one sample ¢ test. This may not be preferable from
a frequentist point of view where the goal typically is to control the error
probabilities. Here we show how to specify b to control the error probabilities
under certain conditions. First, we shall use a one sample ¢ test to illustrate
the procedure for specifying b based on this method, and then apply it to the
AAFBF (28) for general statistical models. In the end, a rule of choosing b
is proposed.

4.3.1 Omne sample ¢ test

Consider a one sample ¢ test for which data come from x; ~ N (6, 0?), where
6 denotes the population mean and 2 denotes the population variance, and
the hypotheses under consideration are Hy : § = 0 against H, : §. The
AAFBF for H; against H, can be derived using equation (28):

AAFBF;, = b "% exp (—%n(f/sf), (39)
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where Z = Y " z;/n and s = \/1 Yoy (x; —x)2. For this AAFBF the
error probabilities (37) and (38) become

p1 = P(AAFBF,, < 1|H,) = P(%] >/ logb/n | Hy)
1 L _
~ ZI | (H)] > +/—logb/n) (40)
l=1

and
ps = P(AAFBF,, > 1|H,) = P(\f| < /—logb/n | H,)
L
~ Z <o) |> v —logb/n),
where 210 and s for I = 1,..., L are the mean and standard deviation
of data x( 2 sampled from Hy, :L‘(Ql) and s are the mean and standard

(20)

deviation of data z;”’ sampled from H,, and I(-) is the indicator function
which is 1 if the argument is true and 0 otherwise. When sampling data
from H,, an expected standardized effect size, denoted by (., needs to be
specified under H,, i.e., H, : 0 = S.0 so that the scaled data is sampled from
Yi ~ N(fe, 1) under H,, where y; = x;/o. Note that sampling % based on
x; ~ N(0,02) where §/0 = B, is identical to sampling the mean 7! based
on y; ~ N(fe,1). The specification of the standardized effect size 3, will be
discussed in Section 4.3.3.

In the one sample ¢ test, % is the observed standardized effect size known
as Cohen’s d (Cohen, 1992). It has sampling distributions under H; and H,
which can be obtained using i((llll; and %, respectively. Figure 3 shows the
distributions of £ under H; : 6 = 0 (solid line) and H,, : § = f3. (dashed line)
given 02 = 1 and n = 20, where 8, = 0.5 is the pre-specified standardized
effect size under H,. Note that according to Cohen (1992) 5, = .2, .5, and
.8 correspond to the small, medium, and large effects, respectively. If we
use byin = 2/n for the one sample ¢ test, the error probabilities in (40) and
(41) become p1 = P(|Z] > 0.34|H;) = 0.073 and py = P(|%| < 0.34|H,) =
0.241, whereas if we specify b.opust = 1/+4/n, the error probabilities are p; =
P(|%] > 0.27|H;) = 0.122 and py = P(|£| < 0.27|H,) = 0.159. These error
probabilities are marked in Figure 3 (a) for by, and (b) for bopyst, where
the dark grey area represents p; and the light grey area represents po. As
can be seen, p; < pg under both b, and b,opyst, Wwhich means that we are
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more likely to incorrectly prefer H; when H,, is true than incorrectly prefer
H,, when H; is true.

In order to correct for this, Gu et al. (2016) showed how to choose b
such that p; = ps given sample size n and effect size 8. under H,. A direct
way of obtaining such a b is proposed by Morey, Wagenmakers, and Rouder
(2016) and illustrated in Figure 3 (c). As can be seen in Figure 3 (c), the
distributions of % under Hy : 6 =0 and H,, : § = (. are symmetric on /2.
This implies that we can simply specify \/—logb/n = 5./2 or equivalently
b = exp (—nB?/4) to attain equal error probabilities, because p1 = P(Z| >
Be/2|Hy) is equal to po = P(|%| < fe¢/2|H,). For example, given n = 20 and
Be = 0.5 under H, in Figure 3 (c), the dark grey area for p; has the same
size as the light grey area for po when setting b = exp (—nB2/4) = 0.287.
The error probabilities under this setting are p; = ps = 0.139.

4.3.2 General case

The method of choosing b based on equal error probabilities can be general-
ized to the AAFBF of any H; : B, = 0 against H, : 3, # 0. Based on the
adjusted fractional prior (26) and approximated posterior (27), the AAFBF
in (28) is

AAFBF = b2 exp (-%BE?BT). (42)

It is interesting to note that \/BE;IBT in (42) is the test statistic in Wald
test (Engle, 1984) which assumes that 3 is approximately normally dis-
tributed. The test statistic is not only the cornerstone in frequentist hypoth-
esis testing, but it is also important in default Bayes factors. For example,
the Bayes factor proposed by Rouder et al. (2009) for the ¢ test is a func-
tion of ¢ statistic, and the Bayes factor based on Zellner’s g prior (Zellner
& Siow, 1980) in regression models is a function of F' statistic. The stan-
dardized effect size is often defined as a test statistic divided by y/n to offset
the influence of the sample size (Cohen, 1992), because the effect size should
not be affected by the sample size as it expresses the degree to which H,,
differs from H;. Thus, the observed standardized effect size in this case can

be defined as
B.=\/B%;'B" /n. (43)

Then using the steps as in (40) and (41) for the one sample ¢ test, the error
probabilities of AAFBFs are defined as

p1 = P(AAFBF? < 1|H;) = P(B. > \/—logb/n|H;) (44)
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test for n = 20 and B, = 0.5 under H,.
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and
p2 = P(AAFBF?, > 1|H,) = P(B. < /— log b/n|H,). (45)

The observed standardized effect size Be is usually within the interval
[0,1] for equality constrained hypothesis testing, because Be can be inter-
preted analogously as the Cohen’s d or Cohen’s f? (Cohen, 1992), which
rarely exceeds 1. First, for a one sample ¢ test z; ~ N(6,02), and H; : § =0
versus H, : 6, the maximum likelihood estimate of 8 = 0 is B = T and the
standard deviation is 63 = s/y/n. Then the observed standardized effect size

(43) becomes f, = U’;/\f = Z which is the same as Cohen’s d. Second, we
consider the I test of Hy : 81 = 0 versus H, : 61 in a simple linear regression
model y; = 0y + 01x; + €;, where 6 is the intercept, 6; is the regression coef-
ficient, and €; ~ N(0,02) is the residual. The maximum likelihood estimate
of 8 =10 is B = chy% and the standard deviation is 63 = %/\/ﬁ, where s,
and s, are the standard derivations of x; and y;, and 7., is the correlation
coefficient between x; and ;. Note that r:%y is equal to the coefficient of deter-
mination R? in the case of the simple linear regression model. Thus, because

the coefficient of determination is equal to R? = 1—0?/ sg, the observed stan-

dardized effect size in (43) becomes f, = % /=Tyt = %, which
t e . e £2 R?
is the square root of Cohen’s f* = ;7.

Analogous to the effect size Z/s in the one sample ¢ test, the observed
standardized effect size . also has sampling distributions under H; and H,,
which are symmetric around half of the pre-specified standardized effect size

Be under H,,. Therefore, by setting /—logb/n = /2 or equally

b = exp (—nf2/4), (46)
the test for H; against H,, using AAFBF has equal error probability:
p1 = P(Be > Be/2|H;) = P(Be < Be/2|Hy) = p2. (47)

How to specify S in (46) will be discussed in the next subsection.

4.3.3 A new rule of choosing b

Before presenting the new choice of b based on equal error probabilities, we
need to deal with two issues: the range of b for consistent Bayes factors and
the specification of standardized effect size B, under H,. The consistency
of the Bayes factor is an important property in Bayesian hypothesis testing.
The Bayes factor for H; : 8 = 0 against H,, : 3 # 0 is consistent if it goes to
infinity as sample size goes to infinity when H; is true, and goes to 0 when
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H, is true. Morey et al. (2016) found that the prior specification based on
frequentist error probabilities may result in inconsistent Bayes factors. Gu et
al. (2016) showed how to resolve this by restricting the fraction b according
to b > 2/n in the one sample ¢ test. As stated earlier in Section 4.2, b =
(J+1)/n is based on the minimal number of observations to specify proper
priors, and therefore we will always constrain b > (J + 1)/n in the AAFBF.
Furthermore, we also suggest constraining b < 1/2 because b > 1/2 implies
that more than half of the likelihood is used for prior specification, which is
undesirable in Bayesian tests (Berger & Pericchi, 1996). Consequently, the
range of the fraction b is set as b € [(J 4+ 1)/n,1/2].

To obtain the fraction b in (46) for equal error probabilities, the stan-
dardized effect size 5. under H, has to be specified. Given any specific 5., a
fraction b in (46) can be obtained such that p; = pa. However, in practice (.
is unknown. Therefore, a distribution for . is specified that covers a range
of realistic effect sizes, i.e., B € [0, 1] as elaborated before. Here we consider
a uniform distribution 7*(8.) = U(0, 1) in which every effect size from small
to large is equally likely within the interval [0,1] (Gu et al., 2016). Note
that this choice for b would be the same as when using 7*(8.) = U(—1,1)
because the choice of b is independent of the sign of the effect.

Based on the distribution of effects 7*(8.) = U(0, 1), the third choice of
fraction b for equal error probabilities is given by:

1
btreq = B (s lexp (—nf2/4)] = /0 exp(—nf2/A)dB,.  (48)

The integration in (48) can be numerically calculated (see Gu et al., 2016).
Although b, cannot always achieve equal error probabilities as we con-
strain b € [(J + 1)/n,1/2] and specify 7*(8.) = U(0,1), Gu et al. (2016)
show that this choice results in error probabilities that are often about equal
for the one sample ¢ test. It was shown that the difference between the type
I and type II error probabilities was typically smaller for this choice than
when using the more traditional choices for b. We recommend the choice
bfreq when the sample size is small, because in this case the error probabil-
ities p1 and po are relatively large and difference between p; and po can be
quite severe. In the following subsection, we will discuss the sensitivity of
AAFBF based on different choices of b.

4.4 Sensitivity to prior distributions

In Section 3, we specified the normal prior (26) for 8 in general statistical
models. However, the adjusted fractional prior for the parameters in a spe-
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cific model is often not normally distributed. Thus, when using a normal
approximation of the fractional prior, as in the case of the AAFBF, we may
misspecify the prior distribution for the parameters of interest. For exam-
ple, if the parameter is a probability which is bounded in [0, 1] in a binomial
model, the (implicit) fractional prior would have a beta distribution. There-
fore the use of the AAFBF, where the fractional prior is approximated using
a normal distribution, may be different from the non-approximated adjusted
fractional Bayes factor. Thus, it is useful to investigate the sensitivity of the
AAFBF when the fractional prior is far from normally distributed.

O’Hagan (1995) argued that the sensitivity of the fractional Bayes factor
depends on the magnitude of the fraction b. This dependence was proven
by Conligliani and O’Hagan (2000). Increasing b reduces the sensitivity
to the distributional form of the fractional prior. This is also the case for
the adjusted fractional Bayes factor (AFBF) of Mulder (2014b), because a
larger fraction b implies that more information in the data is used for prior
specification, which makes the distribution of the adjusted fractional prior
in the AFBF more similar to a normal distribution. This section will use
two simple examples to illustrate how much difference there is between the
AAFBF using the normal prior and the AFBF using the actual fractional
prior. Furthermore it is shown that the AAFBF based on the different
fractions show consistent behavior. In these examples, we will only focus on
equality constrained hypotheses because, as elaborated earlier, the AFBF
for inequality constrained hypotheses is independent of the fraction b.

The first example again concerns the one sample t test, where data come
from x; ~ N(6,02) with unknown mean and variance, and the hypotheses
under consideration are Hy : 8 = 0 against H, : 6. In the AAFBF, the
default prior (26) for 3 = 6 is 75(8|X®) = N(0,s%/nb), while the actual
adjusted fractional prior for a normal mean has a t distribution 7 (8] X?) =
t(0,5?/(nb—1),nb— 1) with mean of 0, variance of s*/(nb— 1), and degrees
of freedom of nb— 1. It is well known that the ¢ distribution has heavier tail
than the normal distribution such that the density at the mode g = 0 from
the normal distribution is larger than the density from the ¢ distribution.
Furthermore, as the fraction b increases, the degrees of freedom nb—1 increase
such that the ¢ distribution #(0,s?/(nb — 1),nb — 1) becomes more similar
to the normal distribution N(0,s2/nb). This implies that for a larger b the
AAFBF where the default prior has a normal distribution performs more
similarly as the AFBF under the actual fractional prior. This is illustrated
in Figure 4.

Figure 4 shows the logarithms of AFBFs and AAFBFs for Hy versus H,,
under different observed effect sizes Z/s = 0,0.1,0.2, and different fractions
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Figure 4: The logarithms of the AFBF with a Student ¢ prior (solid line)
and the AAFBF with a normal prior (dashed line). The dark, red, and green
lines correspond to the logarithms of Bayes factors under observed effect sizes
z/s =0, 0.1, and 0.2, respectively.
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binin, brobust; and brreq. The sample size n varies from 10 to 500. First,
as can be seen in Figure 4 (a), based on by, the logarithms of AAFBFs
under the normal prior distribution (dashed line) differ substantially from
the logarithms of AFBFs under the ¢ prior distribution (solid line). This
difference does not decrease as n increases because when setting by = 2/n
the degree of freedom in the t distribution is 1, which is independent of n.
This suggests high sensitivity to the functional form of the prior distribution.
Second, Figure 4 (b) shows that based on bygpyst there is not much differ-
ence between the logarithms of AAFBFs and AFBFs. This implies that the
choice of b,opust results in less sensitivity to the functional form of the prior
distribution than b,,;,. Third, Figure 4 (c) demonstrates the logarithms of
AAFBFs and AFBFs under by..q. As can be seen, with by, there is no
sensitivity either.

It is interesting to note that Figure 4 also illustrates the consistency
of AAFBFs. The consistency in this example requires that as sample size
goes to infinity the AAFBF for H; against H, approaches to infinity when
the observed effect size is equal to 0 and the AAFBF goes to zero when
the observed effect size is unequal to 0. As can be seen in Figure 4, for
an observed effect size /s = 0 the logarithm of the AAFBF (black lines)
in each figure goes to infinity as sample size n increases. Conversely, the
logarithms of the AAFBF based on an observed effect size of /s = 0.1 (red
lines) and z/s = 0.2 (blue lines) diverge to minus infinity, which implies
decisive evidence for the true unconstrained hypothesis as the sample size
goes to infinity.

Next, we consider a binomial model, where data come from x ~ Bin(n, p).
The hypotheses under evaluation are Hs : p = 0.4 against H, : 0 < p < 1.
Since Hs is nested in H,,, we can use the AAFBF (28) to evaluate Hy against
H,. Given data z ~ Bin(n, p), the estimate of 8 =p—0.4is f = z/n—0.4

and the variance is 62 = M, and therefore the normal adjusted frac-
B n2(n+1)
tional prior (26) is (3| X%) = N(0, Zﬁiﬁ;ﬁ) On the other hand, following

the idea of adjusted fractional Bayes factors the fractional prior has a beta
distribution, i.e., p = 5 + 0.4 ~ Beta(0.4nb,0.6nb) which has a mean of 0.4
and thus  has a prior mean of 0. Note that this prior is centered on the
focal point of 0.4 in Ho.

Figure 5 draws the lines of the logarithms of the AFBFs and AAFBFs
for Ho against H, as the sample size n increases from 10 to 500. The
observed data are x = 0.4n,0.5n,0.6n. As can be seen in Figure 5 there
is a considerable smaller approximation error of the AAFBF with respect
to the AFBF in comparison to the first example in Figure 4. Again, the
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Figure 5: The logarithms of the AFBF with a Beta prior (solid line) and the
AAFBF with a normal prior (dashed line). The dark, red, and green lines

correspond to the logarithms of Bayes factors under observed effect sizes
z/s = 0.4n, 0.5n, and 0.6n, respectively.
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difference is largest for b,,;, because this fraction is always smaller than
bropust and byreq. Finally note that the AAFBFEs show consistent behavior
for this testing problem.

These two examples include the evaluation of equality constrained hy-
potheses in both continuous data and discrete data. Although the models
used are simple, the results of the sensitivity study of adjusted fractional
Bayes factors can be applied in the multivariate normal model where the
parameters (e.g., the group means in ANOVA model, the coefficients in re-
gression model) have a multivariate ¢ distribution, and in multinomial model
where the parameters (e.g., the probabilities in Contingency Tables) have a
Dirichlet distribution which is the multivariate generalization of the Beta
distribution. Furthermore, in more complicated settings such as structural
equation models and generalized linear models, it can be anticipated that the
larger b will result in less sensitive AFBFs because this implies that more data
are used to specify the fractional prior such that the normal approximation
to the prior has better performance based on the large sample theory.

Based on the discussion in this section, we propose the following scheme
for specifying the fraction b in the AAFBF.

e Choose by, = (J + 1)/n to have a default prior that is based on the
idea of a minimal training sample.

e Choose bopyst = max{(J +1)/n,/n/n} to ensure that the default
prior is close to normal.

e Choose bfreq = fol exp (—nB?/4)dB. to control the frequentist error
probabilities when testing an equality constrained hypothesis against
the unconstrained alternative.

Note that n and J denote the sample size and the number of independent
constraints for all the informative hypotheses, respectively.

5 Results for empirical examples

The examples introduced in Section 2 are revisited to illustrate how the
AAFBF can be used to evaluate informative hypotheses. In the regression
model, three parameters with respect to the regression coefficients are con-
sidered in the informative hypothesis Hy : 61 > 0,02 < 0,03 = 0. The first
step is to specify the prior and posterior distributions in (26) and (27), which
needs the estimates @ and covariance matrix 3% of the parameters. These
can be obtained by analyzing the regression model with the data in Table 1
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Table 3: Result for regression model example
bmin = 0.080  bropust = 0.141  bpreq = 0.216
AAFBFy, 6.04 4.46 3.55

using a number of statistical software (packages), such as Mplus (Muthén &
Muthén, 2010) and R package lavaan (Rosseel, 2012). Note that we do not
need to standardize the three coefficients as they are compared with zero.
The analysis of data in lavaan renders the maximum likelihood estimates of
the parameters, i.e., 61 =11.01, 6, = —2.85, 63 = —2.03, and the covariance

matrix:
18.236 —0.500 2.812

S, =| —0.500 0.043 —0.004
2.812 —0.004 4.481

To obtain the AAFBF for H; against H;_, the fraction b has to be speci-
fied. Based on the sample size of n = 50 and the length of vector 3 of J = 3 in
this example, the three choices of fraction are by, = 0.080, byopyst = 0.141,
and bfreq = 0.216. Running BaIn with the estimates and covariance matrix
of parameters of interest renders the AAFBF displayed in Table 3. As can be
seen, AAF BF1;, is larger than 3 under each choice of b, which implies posi-
tive evidence in the data for H; against H;_ according to Kass and Raftery
(1995)’s rule.

The hypotheses in the repeated measures ANOVA model consists of four
parameters of which the estimates are él = 22.33, ég = 22, ég = 5.78 and
04 = 6.78, and the covariance matrix is

0.18 4.86 2.61 2.86
4.86 5.13 2.90 3.03
2.61 290 193 1.97
286 3.03 1.97 2.39

Given sample size n = 36 and length of vector 3 of J = 3, three choices
of b are automatically specified in Baln as by, = 0.111, bpopyse = 0.167,

Table 4: Result for repeated measures ANOVA example
bin = 0.111  bpopust = 0.167  byppeq = 0.255

AAFBF, 4.60 3.07 2.01
AAFBFy, 0.24 0.24 0.24
AAFBE,y 19.2 12.8 8.38
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and bfreq = 0.255. Based on these specification BaIn renders the AAFBFs
AAF BFy, for Hy versus H, and AAFBF,  for H, versus H,. The results
are shown in Table 4. As can be seen, AAF BF,,, is independent of b because
the AAFBF for inequality constrained hypotheses is invariant to the choice
of the fraction b. Thereafter, the AAFBF AAFBF,, for Hs versus Hy can
be computed by AAFBFy,/AAFBF, which is shown in the last row in
Table 4. The result of AAFBF,, in the last row suggests positive evidence
in the data for Ho against H, .

6 Conclusion

This paper presented a new approximate Bayesian procedure for the eval-
uation of informative hypotheses that can be used for virtually any model.
The methodology is based on the prior adjusted default Bayes factor of
Mulder (2014b). Furthermore, normal approximations were used to ensure
fast computations. Numerical results showed that the approximation is close
to the prior adjusted fractional Bayes factor. This implies that the proposed
AAFBF provides an accurate quantification of the relative evidence between
informative hypotheses. Furthermore, different choices were given for the
fraction b, similar as in the fractional Bayes factor of O’Hagan (1995). The
first choice relies on the concept of priors containing minimal information.
The second choice uses a robustness argument resulting in a default prior
distribution that is close to normal. The third choice is based on a frequency
argument to control the classical error probabilities. The choice can be made
by the user depending on the property which he/she finds most important.
By computing the AAFBF for each choice of b we get a complete picture
how much support there is in the data between two hypotheses when taking
into account different philosophies.

We provide a software package BaIn with a user manual in the Appendix
B to evaluate the informative hypotheses which only needs the maximum
likelihood estimates and covariance matrix of the parameters of interest, de-
noted by 6 in this paper. Baln computes the AAFBF for an informative
hypothesis against an unconstrained hypothesis. By computing these quan-
tifies for each informative hypothesis against the unconstrained hypothesis,
psychological researchers can straightforwardly compute the relative support
in the data for pairs of informative hypotheses.

The study in this paper contributes to the quantitative techniques in
psychological research in three aspects. First, the proposed Bayesian test
stimulates psychologists to translate scientific expectations to informative
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hypotheses that can be tested with the data in a direct manner. Second,
the approximate Bayesian procedure allows psychologists to test their infor-
mative hypotheses in virtually any statistical model. Third, the software
package allows psychologists to apply the new methodology on their own
data in an easy manner.
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uo A Adjusting the prior mean for range constraints

101 The specification of the prior mean for 8, = R;, 0 —r;, in range constrained
102 hypotheses consists of two steps:

1103 1. Find the range constraints in the hypotheses under investigation. A
1104 hypothesis contains range constraint(s) if there exist lines in R;, of
1105 which the sum is zero vector. If there is more than one range constraint
1106 in the same hypothesis, then there are multiple sets of two or more lines
1107 that are added to zero. For example, hypothesis H1 : 0 < 01 < 03 <
1 0
1108 1 with R;, = | -1 1 and r; = (0,0,—1)7 contains a range
0 -1
1100 constraint, because (33_, Ry, (k,1), 3 5_, Ry, (k,2)) = (0,0).
1110 2. Specify the prior mean of 8, = R;, 0 — r;, for the range constraints.
1111 B, contains the elements related to the range constraints and other in-
1112 equality constraints. The prior means for those elements of 3; that rep-
1113 resent the edges of a range constraint are specified as 57 = — Zle iy (k)/2
1114 where K is the number of lines in R;, for each range constraint and
1115 i, (k) is the constant for this range constraint, whereas the prior means
1116 for other elements of B, are 0, which is not different from that for
1117 equality and inequality constrained hypotheses. For example, for hy-
1118 pothesis Hy : 0 < 01 < 02 < 1 the edges of the range constraint are
1119 511 = 91 > (0 and ﬁlg =1- 92 > 0. Thus, 511 and 513 have prior
1120 means of 0.5, whereas 12 = 05 — 61 has a prior mean of 0.
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121 B User manual of Baln

122 The software package Baln is developed in Fortran 90 with the IMSL 5.0
1123 numerical library. It computes Bayes factors to evaluate any informative hy-
124 potheses (Section 2) and compare pairs from a set of informative hypotheses
u2s  if they are comparable (Section 3.3). Baln can be freely downloaded from the
1126 website http://informative-hypotheses.sites.uu.nl/software/bain/.
112z The downloaded folder consists of an executable file "Baln.exe", an input
12 file "Input.txt", and an output file "Output.txt". Running "Baln.exe" with
120 "Input.txt" located in the same folder renders "Output.txt". This appendix
1130 instructs researchers to fill in the "Input.txt" such that "Baln.exe" can prop-
131 erly read the information. The "Input.txt" mainly contains the estimates and
132 covariance matrix of parameters @ for prior and posterior specification, and
133 the restriction matrix and constant vector for each informative hypothesis.
1134 The repeated measures ANOVA example in Section 2.2 is used to il-
uss  lustrate the valid specification of input file. We will first display and then
use explain the context below written in the "Input.txt" when evaluating infor-
us7 mative hypothesis Hy (11) and H, (12).

mss 1 #Number of parameters of interest; Number of informative hypotheses;
1139 Sample size

1140 2 4 2 36

141 3 #Estimates of parameters

42 4 22.33 22 5.78 6.78

1143 5 #Covariance matrix of parameters

1144 6 5.18 4.86 2.61 2.86

1145 7 4.86 5.13 2.90 3.03

1146 8 2.61 2.90 1.93 1.97

1147 9 2.86 3.03 1.97 2.39

1148 10 #Numbers of equality and inequality constraints in H1
1149 11 21

uso 12 #Restriction matrix (RO|r0O) for equality constraints
1151 13 1-1 0 0 O

w2 14 0 0 1 -1 0

1153 15 #Restriction matrix (R1l|rl) for inequality constraints
1154 16 0 1-1 0 0

155 17  #Numbers of equality and inequality constraints in H2
use 18 0 3

1us7 19 #Restriction matrix (RO|r0) for equality constraints
158 20  #Restriction matrix (R1l|rl) for inequality constraints
1150 21 1-1 0 0 O
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1177
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1186

1187

1188

1189

1190

1191

1192

1193

1194

1195

1196

1197

1198

1199

22 0 1-1 0 O
23 0 0 1-1 O

The input text has strictly fixed structure. There are annotation lines
starting with # below which the corresponding information (numbers) has
to be given. The first line is the annotation for the number of structural pa-
rameters, number of informative hypotheses, and sample size, which means
we need to write three numbers in the second line, i.e., 4, 2 and 9. Because
the number of structural parameters is 4, four numbers for the estimates of
parameters are presented in line 4, and a 4 X 4 covariance matrix is written
in lines 6 to 9. Furthermore, because the number of informative hypotheses
is 2, two hypotheses are specified. For the first hypothesis, line 11 specifies
2 and 1 for the numbers of equality and inequality constraints, respectively.
Therefore, the augmented restriction matrix with constant vector for equal-
ity constraints has two rows shown in lines 13 and 14, and one row for
inequality constraints in line 16. For the second hypothesis, the numbers
of equality and inequality constraints are 0 and 3 given in line 18, respec-
tively. As can be seen, there is not a line with numbers below the anno-
tation line 19 #Restriction matrix (RO|r0) for equality constraints
because this hypothesis does not contain any equality constraint. While
from lines 21 to 23 the augmented restriction matrix for three inequality
constraints are displayed.

The estimates and covariance matrix of structural parameters can be ob-
tained from other statistical software, e.g., Mplus (Muthén & Muthén, 2010)
and R package lavaan (Rosseel, 2012), and the augment restriction matrix
(ROIr0) and (R1lrl) can be specified based on the informative hypothe-
ses under evaluation. Executing "Baln.exe" with these information renders
the relative complexities, fits, and Bayes factors for informative hypotheses
under different choices of fraction b in the "Output.txt". The results for
repeated measures ANOVA example is shown as follows.

Result for H1
Equality constraints
Fit Complexity (bl)  Complexity (b2)  Complexity (b3)
0.091 0.049 0.059 0.096
Inequality constraints (conditional on equality constraints)

Fit Complexity (bl)  Complexity (b2)  Complexity (b3)
1.000 0.500 0.500 0.500
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1200

1201

1202

1203

1204

1205

1206

1207

1208

1209

1210

1211

1212

1213

1214

1215

1216

1217

1218

1219

1220

1221

1222

1223

1224

1225

1226

1227

1228

1229

1230

1231

1232

1233

1234

1235

1236

1237

1238

1239

Number of iterations
3000 3000 3000 3000

BFilu (b1=0.111) BFlu (b2=0.167) BFiu (b3=0.255)
4.603 3.069 2.006

BFic (b1=0.111) BFlc (b2=0.167) BFic (b3=0.255)
4.603 3.069 2.006
Result for H2
Equality constraints
Fit Complexity (bl)  Complexity (b2)  Complexity (b3)

1.000 1.000 1.000 1.000

Inequality constraints (conditional on equality constraints)
Fit Complexity (bl)  Complexity (b2)  Complexity (b3)

0.023 0.096 0.098 0.097
Number of iterations
46000 9000 9000 9000

BF2u (b1=0.111) BF2u (b2=0.167) BF2u (b3=0.255)
0.240 0.237 0.238

BF2c (b1=0.111) BF2c (b2=0.167) BF2c (b3=0.255)
0.223 0.219 0.220

The results contain the relative fits and complexities for both equality and
inequality constraints, as well as the Bayes factors under different fraction b
in each hypothesis. For equality constraint, the relative fit and complexity
are the normal posterior and prior densities in (28), and thus can be directly
computed. However, the computation of relative fit and complexity for in-
equality constraints is often difficult and needs to sample from the posterior
and prior distributions using Monte Carlo Markov Chain methods (Gu et
al., 2014). Baln uses an efficient algorithm, which requires less number of
iterations (displayed below fit and complexities) in the Markov chains to ac-
curately estimate the relative fit and complexity. Note that the Bayes factor
for informative hypotheses H; against Hy can be computed using (34) with
BFlu and BFQU
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